INTRODUCTION
Let F be a number field or local nonarchimedean field. Let E be a quadratic extension of F , with α the generator of Gal(E/F ). Let E ′ be the compositum field EF ′ . For any g = (g ij ) ∈ GL(3, E), put αg := (αg ij ). Let G be the unitary group in three variables with respect to E/F , with group of F -points: U(3, E/F ) = g ∈ GL(3, E) : σ(g) := 1 −1 1 t (αg)
Established in [F3] is the base changing lifting from G to R E/F G = R E/F GL(3). More precisely: If F is global, then the lifting establishes a one to one correspondence between the global packets of automorphic representations of G with the σ-invariant, cuspidal, automorphic representations of R E/F GL(3). Here, an automorphic representation (π, V ) of R E/F GL(3) is said to be σ-invariant if (π, V ) ≡ ( σ π, V ), where σ π : g → π(σ(g)), ∀g ∈ GL(3, A E ). Similarly, if f is local, the lifting establishes a one to one correspondence between cuspidal representations of G(F ) and σ-invariant cuspidal representations of GL(3, E). We shall recall these results in further details in due course.
This work is also a study of base change for G, albeit in a different context. Namely, we consider an odd degree, say n, cyclic field extension F ′ of F , and we establish the base change lifting from G to RG := R F ′ /F G = U(3, E ′ /F ′ ). In particular, we give a classification, in terms of base change from G, of the automorphic/admissible representations of RG which are invariant under the action of Gal(E ′ /E). Unlike base change from GL(m, F ) to GL(m, F ′ ) (m any positive integer, [L] , [AC] ), where each β-invariant automorphic/admissible representation of GL(m, F ′ ) is a lift from GL(m, F ), our case of base change for U(3) involves 2 twisted endoscopic groups, namely G and H := U(2, E/F ). In the global case, our main classification theorem is as follows:
THEOREM. If π ′ is a Gal(E ′ /E)-invariant, discrete spectrum, automorphic representation of U(3, E ′ /F ′ ) with two elliptic local components, then it belongs to a global (quasi-)packet which is the lift of a global (quasi-) 
Conversely, a discrete spectrum automorphic representation of G or H with two elliptic components lifts to a global (quasi-)packet of RG containing at least one Gal(E
′ /E)-invariant automorphic representation which contribute discretely to the twisted trace formula of U(3, E ′ /F ′ ).
Much of the heavy work has been done in [F3] , and we make extensive use of their results.
GLOBAL CASE
In this section, we establish the Langlands functorial lifting of automorphic representations from G and H to RG. In the process we also obtain global trace identities, which are instrumental in deducing the local trace identities in Section 3.
2.1. Definitions, Notations, and Restrictions. Let F be a number field. For a number field L, let A L denote its ring of adèles, and C L the idèle class group L × \A × L . Let β be the generator of Gal (F ′ /F ) . By abuse of notation we also let α and β be the respective generators of Gal(E ′ /F ′ ) and Gal(E ′ /E) such that, for example, α viewed as the generator of Gal(E/F ) is the restriction to E of α ∈ Gal(E ′ /F ′ ). Thus, Gal(E ′ /F ) = α, β . In summary, we have the following system of number field extensions, where each arrow is labeled by the generator of the Galois group of the corresponding field extension: E |N E/F x = 1}, we identify ω with a character of Z G (A F ). Let ω ′ = ω • N E ′ /E , which we consider as a character of the center Z RG (A F ) of RG(A F ).
For simplicity's sake, by an automorphic representation of G we mean a representation which is equivalent to a subquotient of the right-regular representation ρ of G(A F ) on the space of square integrable functions φ in L 2 (G(F )\G(A F )) such that φ(zg) = ω(z)φ(g) for all z ∈ Z G (A F ), g ∈ G(A F ). In particular, the automorphic representations of G which we consider all have central character ω. We define an automorphic representation of RG similarly, restricting our attention to those which have central character ω ′ . Strictly speaking, our definition of an automorphic representation is not the same as that in the traditional sense, namely, a representation which acts on the space of automorphic forms. Nonetheless, the discrete spectra of the right-regular representation on the space of square integrable functions and that on automorphic forms coincide. Hence, our convention does not render our work wholly irrelevant to the theory of automorphic forms.
For an automorphic representation (π ′ , V ) of RG (where V denotes the vector space of π ′ ), let (βπ ′ , V ) denote the representation:
where β(g ij ) := (βg ij ). We say that (π ′ , V ) is β-invariant if (π ′ , V ) ≡ (βπ ′ , V ).
Endoscopy, L-Group
Homomorphisms. All of the algebraic groups which we consider are split over a finite extension of F . For simplicity, by an L-group we actually mean a finite Galois form of an L-group [B] ; namely, we replace the Weil group with the finite Galois group associated with the smallest field extension over which the group is split. Let L G denote the L-group of G; we use the analogous notation for all algebraic groups. Recall that we let n denote the (odd) degree of the cyclic field extension
where the action of GL(E ′ /F ) = α, β on GL(3, C) n is given by:
. . , g n ) = (θ(g 1 ), . . . , θ(g n )), β(g 1 , . . . , g n ) = (g n , g 1 , g 2 , . . . , g n−1 ),
where
The action of β on L RG induces an automorphism, also denoted by β, of the algebraic group RG, which in turn induces the automorphism β of RG(A F ) defined earlier.
In analogy to base change for GL(m), base change for G = U(3) in our context (as opposed to that of [F3] ) is a case of twisted endoscopic lifting with respect to the automorphism β of RG. The elliptic part of the geometric side of the twisted trace formula of an algebraic group is stabilized by the geometric sides of the nontwisted trace formulae of the twisted elliptic endoscopic groups ( [KS] ).
In this work, by a twisted (or "β-twisted" for emphasis) endoscopic group we mean a quasisplit reductive F -group whose L-group is isomorphic to
Up to the equivalence of endoscopic data (see [KS] ), there are two β-twisted elliptic endoscopic groups. One is G = U(3, E/F ), its L-group being isomorphic to the twisted centralizer of s = (I, . . . , I) ∈ GL(3, C) n , where I is the 3 × 3 identity matrix. The other is H = U(2, E/F ) ⊗ U(1, E/F ), which corresponds to s = ∆diag(−1, 1, −1), the diagonal embedding of diag(−1, 1, 1) into GL(3, C)
n . Here, we go by the convention
We now describe the L-group of each twisted endoscopic group and its accompanying L-homomorphism into L RG. Their computation is straightforward given the work of [KS] ; hence, we only give the final results without elaborating on the intermediate work.
G:
A representation π of H(A F ) has the form ρ ⊗ χ, where ρ is a representation of the group U(2, E/F )(A F ) and χ is a character of A × F . Given that the automorphic representations of RG which we study all have the same fixed central character ω ′ , it can be shown that the representations which lift to them from the endoscopic groups all have the same fixed central character ω. Thus, χ is uniquely determined by the central character of ρ. We abuse notation and simply write H = U(2, E/F ) and π = ρ.
In [F3] , the classification of the global packets of automorphic representations of G is expressed in terms of the Langlands functorial lifting from U(2, E/F ) to G, and from G to R E/F GL(3). The liftings correspond to a system of L-homomorphisms among the L-groups. Our work makes extensive use of their results; hence, it is important to see how our system of liftings "fits in" with theirs. This is described by the diagram of Lhomomorphisms in Figure 2 .2, where the L-homomorphisms of [F3], and base change for GL(n) (m = 2, 3, see [L] , [AC] ) are represented by dotted arrows. Except for the two curved arrows labeled as b ′′ andb ′′ , the diagram is commutative.
The functorial lifts corresponding to the L-homomorphisms in Figure 2 .2 are as follows:
• i,ĩ correspond to parabolic induction from the standard (2, 1)-parabolic subgroup of GL(3), i.e. induction from upper triangular parabolic subgroup with Levi component isomorphic to GL(2) × GL(1), with normalization. Here, it is implicitly understood that the central character is fixed; hence, the character of the GL(1)-component of the Levi subgroup is uniquely determined by the representation of the GL(2)-component.
• b GL(m) corresponds to base change for GL(m) ( [L] , [AC] ).
• b ′ (resp. b ′′ ) corresponds to the unstable (resp. stable) endoscopic lifting from U(2, E/F ) to R E/F GL(2), as established in [F] . For both maps, we letb ′ ,b ′′ denote their counterparts in the case of the algebraic groups obtained via the restriction of scalars functor R F ′ /F .
• b corresponds to the functorial lifting from U(3, E/F ) to R E/F GL(3) as established in [F3] .b is the counterpart to b for the groups obtained via restriction of scalars.
• e and its restriction of scalars analogueẽ correspond to the endoscopic lifting from U(2) to U(3).
, where the Galois action on the connected component is given by α(g n , g 1 , g 2 , . . . , g n−1 ) = (θ 2 g 1 , . . . , θ 2 g n ) and β(g, h) = (h, g), and the L-homomorphism b H is defined by:
Global Lifting and Character Identities.
2.2.1. Trace Formula, Geometric Side. The strategy to establish global functorial lifting via the trace formula technique is well known. First we relate the characters of automorphic representations with orbital integrals via the twisted Arthur's trace formula ( [CLL] ). We then make use of the relation among the orbital integrals of RG and its twisted endoscopic groups, as established in [KS] , in order to relate the characters of the automorphic representations of the groups.
The Kottwitz-Shelstad trace formula is a general result valid for all reductive groups, provided that one has established the existence of test functions, on the original group of interest and its (twisted) endoscopic groups, which have matching orbital integrals. The existence of matching test functions follows from the conjectural Fundamental Lemma ( [W] ), which claims that each spherical function on the group of interest and its endoscopic transfers (see [B] ) to the endoscopic groups have matching orbital integrals. By [H] , the Fundamental Lemma in turn follows from the conjectural matching of orbital integrals of the unit elements in the spherical algebra of the groups, at almost all nonarchimedean places of F .
Although the Fundamental Lemma for general groups has proved to be immensely challenging, it has been proved for various low rank groups (see, for example, [L] , [F3] , [F2] , [Wh] ). We do not attempt to prove the Fundamental Lemma in the context of β-twisted endoscopy for RG, but we do note that the orbital integrals of the unit spherical functions on G (F v ) and H (F v ) have been explicitly computed in [F3] and shown there to be matching, where F v is the completion of F at an arbitrary nonarchimedean place v. Presumably, the β-twisted orbital integral of the unit spherical function on RG(F v ) may be computed using similar techniques, but that is beyond the scope of this article.
In the case of β-twisted endoscopy for RG, [KS] implies that the following equation holds:
Here, T e (RG, f ′ ) is the sum of the β-twisted orbital integrals of a (smooth, compactly supported mod center) test function f ′ at the elliptic regular elements of RG (F ) , and ST e (G, f ) (resp. ST e (H, f H )) is the sum of the stable orbital integrals of matching test functions at the elliptic regular elements of G(F ) (resp. H(F )). We refer to [KS] for the precise definition of a twisted (resp. stable) orbital integral to [KS, p. 75] (resp. [KS, p. 113] ). The coefficients 1 and 1/2 are computed from a recipe given explicitly in [KS, p. 115] .
2.3. Trace Formula, Spectral Side. Define an operator T β on L 2 (RG(F )\RG(A F )) as follows:
Fix once and for all a Haar measure dg ′ on G(A F ). For an automorphic representation (π, V ) of G(A F ) and a smooth, compactly supported mod center test function f ′ on G(A F ), we define the β-twisted convolution operator
It is of trace class by the conditions on π and f ′ ; we let tr π(f ′ × β) denote its trace. Moreover, by the multiplicity one theorem for U(3, E/F ) ([F3]), a discrete spectrum automorphic representation π of RG is β-invariant if and only if its β-twisted character f → tr π(f × β) defines a nonzero distribution on the space of smooth compactly supported mod center functions on RG(A F ).
The spectral side of the twisted Arthur's trace formula is a sum of twisted characters. This sum in turn splits into two parts: one a discrete sum over automorphic representations, and the other a sum of integrals over spectral data associated with parabolic subgroups. We call those representations which contribute to the discrete sum discretely occurring representations.
2.1. Lemma. The discrete part of the spectral side of the β-twisted trace formula of RG is the sum of the following terms:
The sum is over the β-invariant discrete spectrum representations π ′ of RG.
The sum is over characters
The computation of the expressions in the above lemma follows from a technical procedure described in [CLL, Lec. 15] . It is not particularly inspiring, and we include it in the appendix.
There is an obstacle which one must negotiate in using the Kottwitz-Shelstad formula to establish functorial lifting. Namely, equation (2.1) only relates the orbital integral associated with elliptic regular elements. Consequently, each term in the equation does not fully coincide with the geometric side of a trace formula. To overcome this, we first assume without loss of generality that each test function on RG(A F ) is a pure tensor product, i.e.
, and likewise for G, H. Then, we assume that each test function which we consider has elliptic components (i.e. local test function whose orbital integrals which vanish off the elliptic regular set) at two local places. For such test functions, it is well-known that T e (G, f ′ ) coincides with the spectral side I(RG, f ′ ) of the β-twisted trace formula for RG, while ST * * e (G, f ) (resp. ST * * e ) coincides with the spectral side SI(G, f ) (resp. SI(H, f H )) of the stable trace formula for G (resp. H).
2.3.1. Global Packets. The spectral side of a stable trace formula is indexed by global (quasi-)packets (see [LL] ). The definition of a global (quasi-)packet for an algebraic Fgroup M is as follows: Let {π} be the set of automorphic representations π of M such that at almost every nonarchimedean place v of F , the local component π v is equal to a fixed unramified representation π 0 v of M (F v ). If every member of {π} is tempered (i.e. all local components are tempered), then we say that {π} is a global packet, otherwise we say that it is a global quasi-packet. We say that a global (quasi-)packet is stable if each of its members occurs in the discrete spectrum of the group, otherwise we say it is unstable.
For an element g in GL(3, A E ) (resp. GL(2, A E )), let σg = J t (αg) −1 J −1 , where
As shown in [F3], a global packet of admissible representations of G(A F ) is stable if and only if it lifts to a σ-invariant, discrete spectrum automorphic representation of R E/F GL(3).
It is unstable if and only if it is equal to the lift {π({ρ})} of a global packet {ρ} from H. By [F] , a global packet of representations of H(A F ) is stable if and only if it lifts to a discrete spectrum automorphic representation of R E/F GL (2), otherwise it is the lift {ρ(θ 1 , θ 2 ))} from an unordered pair (θ 1 , θ 2 ) of distinct characters of C F E .
Discrete Terms in the Stable Trace Formulae.
The packets which contribute discretely to SI(G, f ) and
. Before we recall their concordant results, we abuse notation and let SI(G, f ) (resp. SI(H, f H )) denote also the part of SI(G, f ) (resp. SI(H, f H )) which consists of these discretely occurring representations. For a global packet {π} of automorphic representations, let tr {π}(f ) denote the (infinite) sum of characters π∈{π} tr π(f ). We say that a global packet is discrete spectrum if it contains a discrete spectrum automorphic representation. The stable spectrum SI(G, f ) is the sum of the following terms:
The sum is over all discrete spectrum stable (quasi-)packets {π} of G. By virtue of its stability, {π} is not of the form {π({ρ})} for some global (quasi-)packet {rho} of H.
The sum is over discrete spectrum representations ρ of H which are not in the image of the endoscopic lifting from
Sum over equivalent classes of packets {π} such that each class contains a packet of the form {π(ρ(θ 1 , θ 2 ))} for some pair (θ 1 , θ 2 ) of distinct characters of C
Sum over characters µ of C E and η of C Similar to the case of G, the geometric side ST e (H, f ) of the stable trace formula of H is equal to a sum SI(H, f H ) indexed by packets. From [F3], SI(H, f H ) is the sum of the following terms:
Sum over discrete spectrum global (quasi-)packets of U(2, E/F ) which are not of the form {ρ(θ 1 , θ 2 )} for any characters
The sum is over unordered pairs
Sum over characters µ of C E satisfying the conditions specified.
Global Trace Identities.
In [L, Sec. 11 ], Langlands observes that the spectral side of the trace formula defines a distribution on a compact real manifold. As such, it has two parts: one defined by an atomic measure corresponding to the terms which contribute discretely to the trace formula, and the other defined by a continuous measure corresponding to the rest of the terms. It then follows from the Riesz Representation Theorem that: If one has an equality between the spectral sides of the trace formulae of two groups for matching test functions, and assuming that the Fundamental Lemma holds, then the discrete parts of the spectral sides coincide. This so-called "Langlands Trick" was introduced to establish base change lifting for GL(2), but it readily extends to other cases of endoscopic lifting, including our own. By this extension of Langlands' argument to our situation and equation (2.1), we obtain the following equation for matching test functions with two elliptic local components:
This section is devoted to establishing identities between the twisted characters of RG and their nontwisted counterparts for the twisted endoscopic groups. All (smooth, compactly supported mod center) test functions on RG(A F ), G(A F ), and H(A F ) are assumed to be pure tensor products of local functions, have matching orbital integrals, and have elliptic local components at at least two nonarchimedean places.
For an algebraic group M defined over F and a place v of F , put M v := M(F v ). Let S be a finite set of places of F containing all the archimedean ones. Let
Using the terminology of [R] , we call t G an eigenvalue package, or e.v.p., for G. Via the L-
We thus obtain an e.v.p.
∈ S} for RG. We say that t RG is the lift of t G . It is clear that analogous definitions of an e.v.p. and its lifting to RG also applies to the group H. The local component π v of an automorphic representation π = ⊗π v is an unramified representation of G v at every place v outside of some finite set of places S containing all the archimedean places. Since an unramified representation π v corresponds to a conjugacy class t v = t(π v ) in the L-group (see [B] ), the representation π defines an e.v.p. t(π) = {t(π v ) : v / ∈ S}. Note that t(π) depends on S, but we suppress S from the notation for simplicity. The set of automorphic representations which define the same e.v.p. forms a subset of a global quasi-packet.
We say that one global (quasi-)packet lifts to another if the e.v.p. of a member of the former lifts to that of a member of the latter. This notion of lifting for packets is welldefined.
Enlarging the set S if necessary, assumes that it contains at least two nonarchimedean places. In addition to the condition of ellipticity at two places, we further require the test functions f ′ , f, f H to be such that, at every place v / ∈ S, their local components f 
Fundamental Lemma conjecture, which we do assume to hold, asserts that such f
Let V denote the set of all places of F . For a β-invariant, discrete spectrum, automorphic representation π of RG, we have
. By the multiplicity one theorem for U(3) ([F3]) the operator T β maps the space of π to itself. Consequently, for each place v, the global intertwining operator T β induces (up to a scalar multiple) a local intertwining operator
. We normalize T βv so that its square is 1. Note that T βv is induced by the action of T β on the space of π, hence the local object T βv is really dependent on the global object π. But we suppress this dependence from the notation.
Let tr π
Otherwise, let it be the well-defined trace of the convolution operator Z(RGv )\RGv π
where Z(RG v ) denotes the center of RG v . We extend this notation to the endoscopic groups, without the twists ×β v , T β .
Let π ′ , π, π H be discrete spectrum automorphic representations of RG, G, H, respectively. To simplify the notation, put
and likewise for π H . A global packet {π} of automorphic representations is a restricted tensor product ⊗ ′ v {π v } of local packets {π} v , i.e. each member π of {π} is a tensor product ⊗ v π v such that π v belongs to {π} v for all v and π v is unramified for almost all v. We put
where {π} v , f v := πv∈{π}v π v , f v . For any global object which is a tensor product of local components over places of F , let lower script S denote the tensor product over the places in S. For example,
Fix an e.v.p. t G for G. By an extended version (also described in [L, Sec. 11] ) of "Langlands' Trick," we may separate the terms in equation (2.2) by eigenvalues, and obtain expressions of the form:
3)
The first sum of the left-hand side is over the automorphic representations in the global packet which corresponds to the lift t RG of t G via b G , where m(π ′ ) is the multiplicity with which π ′ contributes discretely to the twisted trace formula for RG. Each sum on the right-hand side is over global packets whose e.v.p.'s lift to t RG . This setup is still valid if in the beginning we fix an e.v.p. for RG or H instead.
automorphic representation of RG with two elliptic local components, then it belongs to a global (quasi-)packet which is the lift of global (quasi-)packet(s) of automorphic representations of G and/or H.
Conversely, a discrete spectrum automorphic representation of G or H with two elliptic components lifts to a global (quasi-)packet of RG which contains at least one β-invariant automorphic representation of RG which contributes discretely to the β-twisted trace formula.
Proof. Let π ′ be as in the first part of the theorem. Construct equation (2.3) from the e.v.p. of π ′ , subject to all the conditions which we have imposed. By the multiplicity one theorem for U(3), the β-invariance of π implies that π ′ , f ′ × β S is nonzero. Consequently, there must be nonzero contribution from the right hand side of (2.3). This proves the first part of the theorem.
Given a discrete spectrum automorphic representation π of either G or H with two elliptic local components, construct (2.3) from the e.v.p. of π. Special care must be taken to ensure that the contribution from H does not cancel the contribution from G. To this end, observe that the stable orbital integrals of f match those of f ′ , while the stable orbital integrals of f H match the κ-orbital integrals of f ′ . Here, κ is the nontrivial element in the abelian group k(T, β, F ) (see [KS, Sec. 6.4] ). It corresponds to the endoscopic data defining H. We may, and do, choose the test function f ′ such that its κ-orbital integrals all vanish. We then set f H = 0. Consequently, on the right-hand side of (2.3) we are left with contribution from G alone, which is nonzero by the linear independence of characters. Hence, there must be at least one π ′ of RG which have nonzero contribution to the lefthand side, which implies in particular that π ′ is β-invariant. A similar argument, where we choose f ′ such that its stable orbital integrals vanish, establish the lifting from H to a β-invariant automorphic representation of RG.
2.5. Discrete Spectrum Packets. With the machinery (2.3) in place, we are now ready to establish concrete cases of global lifting. From henceforth, we only consider automorphic representations which have elliptic local components at two places u 1 , u 2 . We let S denote the finite set of places of F , including all the archimedean places and u 1 , u 2 , such that the representation under consideration is unramified at all v / ∈ S.
2.5.1. Unstable Packets. Let ρ be a discrete spectrum automorphic representation of U(2, E/F ), with two elliptic local components, which is not the endoscopic lift of an automorphic representation of U(1, E/F ) × U(1, E/F ). That is, ρ is either one dimensional or cuspidal, and not belonging to a packet of the form {ρ(θ 1 , θ 2 )} for any characters θ 1 , θ 2 of C F E . We apply equation (2.3) to the e.v.p. t(ρ) associated with ρ. To determine the packets/representations which contribute to either side of the equation, we make use of the commutativity of the diagram in Figure 2 .2. The procedure, though somewhat tedious, is not difficult. Hence, we try to elucidate the process as much as we could in this one case of lifting from ρ, and then skim over the details in later cases of functorial lifting.
For an L-homomorphism ξ with domain L M and an e.v.p. t M for an algebraic group M, let ξ(t M ) denote the lift of t M . Let {π ′ } be the global packet of representations of RG associated with the e.v.p. t G = e H (t(ρ)). Associated to the L-homomorphism b ′ is a character ǫ of C E which is trivial on C F ( [F] ) Likewise, the L-homomorphismb ′ is associated with a the character ǫ•N E ′ /E of C E ′ . By [F3] , ρ lifts to the σ-invariant, parabolically induced representationπ
Here, I (2,1) denotes parabolic induction, with normalization, from the upper triangular parabolic subgroup whose Levi component is isomorphic to GL(2) × GL(1);ρ ′ is the base change to R E ′ /F GL(2) of the σ-invariant cuspidal automorphic representationρ, the lift of
which we have fixed near the beginning of Section 2. Let {ρ ′ } be the packet of
′ is cuspidal by [AC] . Consequently, by [F] the packet {ρ ′ } consists of a single representation ρ ′ . By commutativity it is then clear that {π ′ } is equal to {π ′ (ρ ′ )}, the unstable packet of automorphic representations of U(3, E ′ /F ′ ) associated with ρ ′ . To determine the packets {π} of G which contribute to (2.3), note that any such {π} must b-lift to aπ which in turn base change lifts toπ ′ via b GL(3) . By [AC] ,π is a parabolically induced representation of the form
where ε is the idèle class character of E associated with the global field extension E ′ /E via class field theory. However, it is not hard to see that, since n is odd, I i,j is σ-invariant if and only if i = j = 0. It then follows that only one global packet of G contributes to (2.3), namely {π(ρ)}, the global packet which is the e-lift of ρ.
By the above remarks and the results recorded in Section 2.3.2, we have:
In particular, there is at least one automorphic representation π ′ ∈ {π ′ (ρ ′ )} which is β-invariant and contributes discretely to the twisted trace formula. The multiplicity m(π ′ ) is given by an explicit formula in [F3], but we postpone its discussion till Section 3.
Next, let three characters θ 1 , θ 2 and θ 3 of C F E be given, such that their product is equal to ω. Assume that there exist two nonarchimedean places u 1 , u 2 of E, not splitting in
E ′ is equal to 1. Consequently, the correspondence θ → θ ′ is one to one, and θ ′ 1,ui = θ ′ 2,ui for i = 1, 2 (Here, we have abused notation and denoted the place of E ′ lying above u i again by u i .).
2 )) be the global packet of automorphic representations of H (resp. RH) associated with (θ 1 , θ 2 ) (resp. (θ ′ 1 , θ ′ 2 )). By [F] and the condition on θ 1 and θ 2 , there is at least one member of {ρ} (resp. {ρ}) which has elliptic local components at u 1 , u 2 . Using the commutativity of Figure 2 .2, the properties of base change of GL(n), and the concordant results of [F3], the following global character identity holds:
Here, the presence of the coefficients 1/4 is due to the results recorded in Section 2.3.2. Note that ρ ≡ ρ(θ i , θ j ) for any distinct i, j ∈ {1, 2, 3}, and likewise for ρ ′ and the θ i 's (see [F3] ).
Let µ be a character of C F E , and
Then, µ (resp. µ ′ ) defines a one-dimensional automorphic representation of H (resp. RH) via composition with the determinant. Let π(µ) (resp. π ′ (µ ′ )) denote the unstable packet of G (resp. RG) which is the lift of µ (resp. µ ′ ). Using the same type of arguments as before, the following character identity holds for matching test functions:
2.5.2. Stable Packets. Let {π} be a stable, discrete spectrum, global (quasi-)packet of automorphic representations of G. It lifts to a σ-invariant discrete spectrum representationπ of R E/F GL(3) via the L-homomorphism b (see Figure 2. 2). It follows from the commutativity of L-homomorphisms that {π} lifts via b G to a packet {π ′ } which in turnb-lifts toπ ′ , the base change lift ofπ to
is not 3, then by [AC] the fibre of the base change lifting toπ ′ consists solely ofπ. If n = 3, then ε iπ lifts tõ π ′ for each i = 0, 1, 2, where ε is the idèle class character of E associated with the field extension E ′ /E via class field theory. However, as commented on previously, that [E : F ] is equal to 2 implies that ε iπ is σ-invariant if and only if i = 0. Thus, {π} is the only global quasi-packet which b GL(3) • b-lifts toπ ′ , which in turn implies that it is the only global quasi-packet which b G -lifts to {π ′ }. Since {π} is associated with a σ-invariant discrete spectrum representation of R E/F GL(3), no automorphic representation of H lifts to {π}.Consequently, by commutativity no automorphic representation of H e H -lifts to {π ′ }. Conversely, let π ′ be a β-invariant discrete spectrum representation of RG which belongs to a stable global (quasi-)packet. Then, π ′ lifts to a σ-invariant discrete spectrum representationπ ′ of R E ′ /F GL(3). Moreover, from an examination of the Hecke conjugacy classes parameterizing π ′ and the strong multiplicity one theorem for GL(n), it follows thatπ ′ is β-invariant; hence,π ′ is the base change lift of some discrete spectrum representationπ of R E/F GL(3). The representationπ is in fact σ-invariant. To see this, note that by Theorem 2.2 there exist automorphic representations of G and/or H which lift to π ′ . By the commutativity of the L-homomorphisms, these representations must lift tõ π, which implies thatπ is σ-invariant.Now that we knowπ is σ-invariant and occurs in the discrete spectrum, we conclude as before that no automorphic representation of H lifts to π ′ , and exactly one global (quasi-)packet {π} of G lifts to {π ′ }. Namely, {π} is the packet {π(π)} associated withπ.
In conclusion, the following global trace identity holds:
LOCAL CHARACTER IDENTITIES
We now prove local (twisted) character identities from the global identities which we have established in Section 2.4. Let k be a local p-adic field, l a quadratic extension of k, and k ′ a degree n cyclic extension of k, with n odd. Let l ′ be the compositum lk ′ , and let α, β be the generators of Gal(l ′ /k) such that l = l ′ β and k
Here, for example, U(3, l/k) denotes a group of k-points rather than an algebraic group scheme, which was the convention in Section 2.
We fix once and for all a character ω ′ of l ′k ′ which is invariant under the action of [F, p. 715] (where the symbol κ is used instead of ǫ) and [R, p. 233 ] (where µ is used).
Assume that f ′ transforms under the center Z(RG) of RG via ω
Then, by the matching condition f and f H transform under the centers of the groups on which they are defined via ω −1 . Consequently, the traces of the convolution operators which we study vanish unless the central characters of the associated representations are ω ′ for RG and ω for G, H. Under this condition, a representation of H (resp. RH) is uniquely determined by its U(2)-component. Hence, we often abuse notation and put H := U(2, l/k), RH := U(2, l ′ /k ′ ). For an irreducible admissible representation π ′ of RG, let A be an intertwining operator in Hom RG (π ′ , βπ ′ ) such that A 2 = 1 if π ′ is β-invariant, and A = 0 otherwise. The existence of A for a β-invariant π ′ is assured by Schur's Lemma. Put π ′ , f
Unless otherwise noted, all representations studied in this chapter are irreducible and admissible.
Classification of Local Packets for U(3). We now give a summary of the classification of the local (quasi-)packets ([F3]) of admissible representations of U(3).
All results recorded in this section are due to [F] , [F3] . The local packets are defined in terms of the local character identities which they satisfy. For an element g in GL(m, l), where m = 2, 3,
Each square integral representationπ of GL(3, l) is σ-invariant, and associated to it is a local packet consisting of a single square integral irreducible representation π(π) of G. Associated with an unordered pair (θ 1 , θ 2 ) of characters θ 1 , θ 2 of l k is a local packet ρ(θ 1 , θ 2 ) consisting of two irreducible representations π + , π − of H. They are cuspidal if θ 1 = θ 2 . If an irreducible representation ρ of H does not lie in a local packet of the form ρ(θ 1 , θ 2 ), then ρ belongs to a local packet consisting of itself alone. Associated with a local packet {ρ} of H is a local packet {π({ρ})} of G which has cardinality |{π({ρ})}| = 2 |{ρ}|.
3.2. Parabolically Induced Representations. We first state the twisted character identities for parabolically induced representations of RG. Let µ be a character of l × , η a character of l k , such that µ| k · η = ω. Let µ ⊗ η denote the following representation of the upper triangular parabolic subgroup P of G:
Let I G (µ, η) denote the representation of G parabolically induced from µ⊗η, with normalization. We extend this notation naturally to RG. Let µ define a representation of the upper triangular parabolic subgroup of H via µ (( a * αa −1 )) = µ(a), ∀a ∈ l × . Let I H (µ) denote the representation of H = U(2, l/k) parabolically induced from µ with normalization.
Lemma. Let µ be a character of
l × , η a character of l k , such that µ · αµ = 1. Let µ ′ , η ′ be characters of l ′ /k ′ defined by: µ ′ = µ • N l ′ /l , η ′ = η • N l ′ /l .
Then, there exists an operator
A intertwining I RG (µ ′ , η ′ ) with βI RG (µ ′ , η ′ ) such
that the following character identity hold for all matching functions:
Proof. For a smooth function φ in the space of I RG (µ ′ , η ′ ), let Aφ(g) = φ(βg) for all g ∈ RG. It is easy to check that A is indeed an intertwining operator. The twisted character identity then follows from a standard technique using the Weyl integration formula. In fact, the second identity is more or less equivalent to the matching condition on f ′ and f H ( [R, p. 233 
]).
Let µ, µ ′ , η, η ′ be as before. But now impose an extra condition that µ| k × = 1, which implies in particular that µ(z) =μ(z/αz) for some characterμ of l k . Let ν be the normalized absolute value character of k × . Let ν ′ = ν • N l/k be the absolute value character of l × . The induced representation I G (µν 1/2 , η) (resp. I RG (µ ′ ν ′1/2 , η ′ )) has length two, with a nontempered quotient π × (µ, η) (resp. π × (µ ′ , η ′ )) and a square integrable subrepresentation π s (µ, η) (resp. π s (µ ′ , η ′ )). The induced representation I H (µν 1/2 , η) has length two, with a square integrable subrepresentation ρ s (µ, η) and a nontempered quotient, namely the one-dimensional representation:
, such that the following twisted character identity holds for matching functions:
Proof. Let A be the operator in
as defined in the proof of Lemma 3.1. Let A † be the intertwining operator induced by A on the irreducible constituents of I RG (µ ′ ν ′1/2 , η ′ ). The twisted character identities follow from Lemma 3.1 and a well-known argument exploiting the linear independence of central exponents ( [FK, Sec. 21] ).
3.3. Cuspidal Representations. In this section, many of the proofs rely on constructing global data whose local components coincide with the given local data. We describe once and for all our convention here: For each positive integer m, we construct a system of totally imaginary number fields F , F
′ , E such that:
, and E ′ = EF ′ ; • There exist m nonarchimedean places w 1 , w 2 , . . . , w m of F , all remaining prime in E, such that F wi = k and E wi = l. Here, if w i remains prime in an extension field, we abuse notation and let w i denote also the place which lies above it. Let G, RG, H, RH be the reductive F -groups as defined in Section 2. Note that the fields F, F ′ , E, E ′ depend on m, but we suppress n from the notation for simplicity's sake.
3.3. Proposition. Let π ′ be a cuspidal G-module which is the sole member of a singleton local packet {π
-invariant if and only if there exists a cuspidal G-module π, and a nontrivial intertwining operator
, such that the following character identity holds for matching functions:
More precisely, π is the sole member of the singleton local packet {π(π)}, wherẽ π is a σ-invariant cuspidal representation of GL(3, k) which lifts toπ ′ via base change from R l/k GL(3) to R l ′ /k GL(3).
Proof of Part (i). Let F, F
′ , E, E ′ be the number fields associated with the integer m = 1, as defined earlier. Choose two finite places u 1 and u 2 of F such that: For i = 1, 2, u i is prime in F ′ but splits into two places u i1 , u i2 in E. Then, G ui = GL(3, F ui ) and RG ui = GL(3, F ′ ui ). Let S be the finite set of places consisting of all the archimedean places and 
By examining the Hecke conjugacy classes parameterizing Π ′ and their images under the L-group homomorphismb (see Figure 2. 2), it can be seen that Π ′ belongs to the packet {Π ′ } := {Π ′ (Π ′ )} associated with a cuspidal σ-and β-invariant automorphic representationΠ ′ . It then follows thatπ ′ =Π ′ w1 is β-invariant. Ifπ ′ is β-invariant, then it follows from a similar argument that π ′ is β-invariant. This completes the proof of Part (i) of the proposition.
Proof of Part (ii). Suppose π
′ is β-invariant. Let Π ′ ,Π ′ be as in the proof of Part (i) of the proposition. By the comments made in Section 2.5.2, {Π ′ } is the lift of the global packet {Π} = {Π(Π)} of G, whereΠ is a cuspidal automorphic representation of R E/F GL(3) which lifts toΠ ′ via base change. Let f ′ and f be matching functions on RG(A F ), G(A F ), respectively, whose local components at u 1 , u 2 are elliptic. By equation (2.7), we have the following global character identity for matching functions with elliptic local components at u 1 , u 2 :
The above equation is equivalent to:
where the sum within each product is over members of the local packet which forms the local component of the global packet. The coefficients ǫ(Π ′ ) are equal to 0 or ±1. The reason they are there is that, as commented upon in Section 2.4, each intertwining operator T βv associated with the twisted character Π
′ on whose local component at v the operator is defined. The operators T βv are either zero or normalized such that their square is 1, hence the values of ǫ(Π ′ ). Since the number fields are totally imaginary, for the archimedean places v, each local packet {Π v } consists of a single induced representation. Hence, by the generalized independence of characters, the contributions from the archimedean places to either side of the above equation cancel each other. For the places v = u 1 , u 2 , the local packets {Π ′ v } and {Π v } are singletons consisting of the Steinberg representations, whose characters are well-known to be equal for matching test functions. Hence, canceling all contribution from S, we obtain:
By construction,Π ′ w1 is the base change lift ofΠ w1 with respect to l/k. SinceΠ ′ w1 is cuspidal, so isΠ w1 ( [AC] ). Consequently, the local packet {Π} w1 = {π(Π w1 )} consists of a single cuspidal representation π. Letting A = T βw 1 , or −T βw 1 if necessary, we have:
For the other direction, i.e. lifting a cuspidal representation of G to a β-invariant cuspidal representation of RG, the proof follows similar lines, except that we need to first establish the next lemma. In particular, the distribution f → π, f is not identically zero when restricted to the class of test functions on G whose orbital integrals vanish off the norms from RG.
Proof. This proof is the same as that of the proposition in Section 28 of [FK] . We only include it for the sake of completeness and we make no claim of originality. Take f to be the normalized characteristic function (1/ |K|)1 K of an open compact neighborhood K of the identity element of G. Then, the orbital integral of f vanishes on the elements which are not norms from RG. It is easy to see that π, f is equal to the multiplicity j of the trivial representation of K in π| K . Since π is admissible, j is positive for K sufficiently small. The lemma follows.
Let ρ be a cuspidal representation of H = U(2, l/k), not belonging to a packet of the form ρ(θ 1 , θ 2 ) for any pair of characters θ 1 , θ 2 of l k . Let ρ ′ denote the base change of ρ to
denote the local packet which is the lift of ρ ′ from RH to RG. It consists of two cuspidal representations π ′+ and π ′− .
Proposition. There exist nontrivial intertwining operators
, such that the following system of character identities holds for matching functions:
In particular, both π ′+ and π ′− are β-invariant.
Proof. Construct the number fields F, E, F ′ , E ′ for an arbitrary integer m ≥ 2; that is, there are nonarchimedean places w 1 , . . . , w m at each of which the number fields complete to our given p-adic fields. Construct an automorphic representation P of H = U(2, E/F ) such that P wi = ρ (1 ≤ i ≤ n) and the local components of P at the rest of the nonarchimedean places are unramified. In particular, P has at least two elliptic local components. Let P ′ be the base change lift of P to U(2, E/F ) via b ′ H . Let {Π} = {Π(P)} be the global unstable packet of G associated with P. Then, for i = 1, 2, . . . , m, the local component of
}, the (unstable) global packet of RG associated with P ′ via the L-group homomorphismẽ (see figure 2.2). For matching functions with elliptic local components at two of the places w i (1 ≤ i ≤ m), equation (2.4) gives:
is the multiplicity with which Π ′ occurs in the discrete spectrum of RG, and ǫ(Π ′ ) is, as before, 0 or ±1. By the multiplicity formula derived in [F3] .the multiplicity
, and 0 otherwise. By construction, almost all unramified components of a member of {Π ′ } are β-invariant. Hence, by the rigidity theorem for the global packets of U(3) (see [F3] ), the global intertwining operator T β associated to β must map {Π ′ } to itself. In particular, suppose a member
of {Π ′ } occurs in the discrete spectrum of RG, and Π ′ w = π + for some nonarchimedean place w. Then,T β sends Π ′ to a member Π ′′ of {Π} which is equivalent to βΠ ′ . By Lemma 3.4, the right-hand side of the above equation is not identically zero, hence neither is the left. Consequently, there must be at least one discrete spectrum
Assume without loss of generality that π + is β-invariant. Consider a discrete spectrum representation Π ′′ ∈ {Π ′′ } with the property that Π , and
. If βΠ ′′ = Π ′′ , then the inverse of the operator T β must induce a local intertwining operator in Hom RG (π ′− , βπ + ), which is a contradiction because π + is not equivalent to π − and we already know that π + is β-invariant. Thus, we conclude that βΠ ′′ = Π ′′ , which implies that π − is β-invariant. It now follows from the multiplicity one theorem for G that, for each discrete spectrum representation
, the twisted character Π ′ , f ′ × β wi induced by T β is nonzero. For * = +, −, fix an operator A * ∈ Hom RG (π ′ * , βπ ′ * ) such that A * 2 is the identity. Then, the local intertwining operator defining the twisted character Π ′ , f ′ × β wi differs from A * by at most a sign, where * = + or − depending on whether Π ′ wi is equivalent to π ′+ or π ′− . For * = +, −, let χ * denote the A * -twisted matrix coefficient of π * . In particular,
Let f * (resp. f * H ) ( * = +, −) be a fixed local test function on G (resp. H) which matches χ * . Since π * is cuspidal, the functions χ * , f * and f * H are all elliptic. For * = +, −, put
Moreover, choose these functions such that their local components at nonarchimedean places outside of {w i } m i=1 are spherical. For such test functions, it follows from equation (3.4) and the multiplicity formula for {Π ′ } that
By a similar argument, we also have
Now, let m be any integer greater than or equal to 2. Choose f ′ such that f
we have f wi = f + and f wm = f − (resp. f H,wi = f
. For such test functions, it follows from equation (3.4) and the multiplicity formula for {Π ′ } that
for all m ≥ 2. Multiply both sides of the above equation by a complex variable z and take the sum of each side over 2 ≤ m < ∞. For z sufficiently close to 0, we get:
Each side of the above equation meromorphically continues to the whole complex plane. By equations (3.5) and (3. We are now at the final stage in the proof of the system of equations (3.2) and (3.3) in the proposition. Let m = 3. Let f
be arbitrary matching functions. Then, by equation (3.4), the multiplicity formula, and the results just derived, we have
Similarly, if we let f
Multiplying one or both of the intertwining operators A + and A − by a sign if necessary, the system of equations (3.2) and (3.3) follows.
} denote the unstable packet, of four cuspidal representations of G, which is the lift of ρ ′ from RH.We index the representations such that π ′ a is the unique generic representation in {π
Proposition. If 3 does not divide the odd number
n = [F ′ : F ] = [E ′ : E], then every member of {π ′ (θ ′ 1 , θ ′ 2 )} is β-invariant. Otherwise,
either every member of the packet is invariant, or the unique generic member
It follows from equation (2.5) and Lemma 3.4 that there is at least one representation Π ′ in {Π ′ } which occurs in the discrete spectrum and is β-invariant.
The local component Π ′ w1 belongs to the local packet {π
w1 is equivalent to βΠ ′ w1 , it follows from the disjointness of local packets that {π
Since π ′ a and βπ ′ a are the unique generic members of the respective local packets to which they belong, we have π 
The proposition follows.
Let θ 3 = ω/(θ 1 θ 2 ), and let θ ′ 3 be the character
3.7. Proposition. If every member of π ′ is β-invariant, then there exist nontrivial intertwining operators A * ∈ Hom RG (π ′ * , βπ ′ * ) ( * = a, b, c, d), and a way to index {ρ i,j : i = j ∈ {1, 2, 3}} as {ρ 1 , ρ 2 , ρ 3 }, such that the following system of character identities holds for matching functions:
Proof. Let F, F ′ , E, E ′ be the number fields, dependent on a positive integer m ≥ 2, which were defined at the beginning of Section 3.3. Let S = V ∞ ∪ {w 1 , . . . , w m }, where V ∞ denotes the set of archimedean places of F .
Construct characters
• The local component at each v / ∈ S of all three global characters are unramified.
Let
, 2, 3}, let P i,j be the unstable global packet {Π(Θ i , Θ j )} associated with the unordered pair of characters (Θ i , Θ j ). The local component of P i,j at each place v is the local packet {π(Θ 1,v , Θ 2,v )}. For v / ∈ S, P i,j,v consists of a single unramified induced representation. Let f ′ and f be matching test functions on RG(A F ) and G(A F ), respectively, such that their local components are elliptic at w 1 , w 2 , and unramified for all v / ∈ S. Applying equation (2.5), and canceling the contribution from the induced representations at the archimedean places, the following character identity holds: where m(Π ′ ) is the multiplicity with which Π ′ occurs in the discrete spectrum of G, and ǫ(Π ′ ) = 0 or ±1. Let us recall the formula for m(
where the representations are indexed such that π a is the unique generic representation in the packet. There exist integers ε i,π * = ±1, for * ∈ {a, b, c, d} and i ∈ {1, 2, 3}, such that:
• ε i (π a ) = 1 for all i;
It is equal to either 0 or 1.
For * = a, b, c, d, let χ * be the twisted matrix coefficient of π ′ * with respect to a nonzero operator A * ∈ Hom RG (π ′ * , βπ ′ * ). Such an A * exists by Proposition 3.6. Put
Let m, the integer with which our number fields are associated, be ≥ 2. Let * be a, b, c, or d. For 1 ≤ s ≤ m, let our global test functions be such that f ′ ws = χ * , f ws = f * k , and f H,ws = f * H,k . In particular, since π ′ a , . . . , π ′ d are cuspidal, the test functions have at least two elliptic local components. By equation (3.12) and the multiplicity formula (3.13), we have:
Arguing as we did in the proof of Proposition 3.5, we obtain the following equality of meromorphic functions:
It follows from the absence of poles on the left-hand side and the equations (3.14) that we may index the ρ i,j 's as ρ s (s ∈ {1, 2, 3}), such that
for some fourth root of unity ξ † 4 . Arguing as we did at the end of the proof of Proposition 3.5, multiplying the intertwining operators A * by ±1 or ±ξ † 4 if necessary, and noting that the twisted characters of inequivalent β-invariant representations are linearly independent, the proposition follows. 
Proof. This follows from arguments which are virtually identical with those in the proof of the previous proposition; except that they are even simpler in this case because we do not have π ′ * to worry about for * = b, c, d.
APPENDIX A. DISCRETELY OCCURRING REPRESENTATIONS
Let F be a number field, with ring of adèles A F . Let V be the set of places of F . For any finite place v ∈ V , let O v denote the ring of integers of F v . Let H be a reductive F -group, with center Z. Let σ be an automorphism of H(A F ).
Fix a character ω of Z(F )\Z(A F ). For any place v ∈ V , put
Let C(H(A F ), ω) denote the span of the smooth, compactly supported functions on H(A F ) which are of the form ⊗ v f v , where f v ∈ C(H v , ω v ) for all v and f v is a unit in the Hecke algebra H(H v , ω v ) for almost all finite v. In this work, whenever we mention a function f ∈ C(H(A F ), ω), we assume that f is a tensor product of local components f v .
Fix a minimal parabolic subgroup P 0 of H. Let A 0 be the maximal F -split component of the Levi subgroup of P 0 . For any Levi subgroup M of H, let A M denote the split component of the center of M. Let X * (A M ) = Hom(G m , A M ). Let a M denote X * (A M ) ⊗ Z R, and a * M its dual. Let P(M ) denote the set of all parabolic subgroups of H containing M.
Let M be a Levi subgroup in H. For any parabolic subgroup P ∈ P(M ), representation τ of M(A F ), and element ζ ∈ a * M , let I P,τ (ζ) denote the H(A F )-module normalizedly induced from the P(A F )-module which sends an element p in P(A F ) to χ ζ (m)τ (m), where m ∈ M(A F ) is the Levi component of p. In other words, I P,τ (ζ) is the right regular action on the space of smooth functions ϕ on H(A F ) which satisfy: ϕ(pg) = (δ 1/2 χ ζ τ )(m)ϕ(g) for all p ∈ P(A F ) and g ∈ H(A F ). Here, δ(m) is defined as |det (Ad m| n )|, where n denotes the Lie algebra of the unipotent component of P. For any function f in C(H(A F ), ω), let I P,τ (ζ, f ) denote the convolution operator Z(AF )\H(AF ) (I P,τ (ζ)) (h)f (h) dh, where dh is a fixed Tamagawa measure on H(A F ).
Let W (A 0 , H) be the Weyl group of A 0 in H. Suppose s is an element in W (A 0 , H) which satisfies sM = σM. For an M(A F )-module τ and ζ ∈ a * M , let M σP |P (s, ζ) be an intertwining operator of H(A F )-modules: I P,τ (ζ) → I σP,sτ (sζ). Here, sτ is the σM(A F )-module: m → τ (s −1 m), ∀m ∈ σM(A F ).
Let I P,τ (σ) be the operator on the space of I P,τ which sends ϕ(g) to ϕ(σg). Put I P,τ (ζ, f × σ) := I P,τ (ζ, f )I P,τ (σ).
The spectral side of Arthur's trace formula is called the fine χ-expansion. For f in C(H(A F ), ω), the twisted (with respect to σ) fine χ-expansion is a sum over the set of quadruples {χ} = (M, L, τ, s), consisting of Levi subgroups M, L of H, an element s ∈ W (A 0 , M ), and a discrete spectrum automorphic representation τ of M, such that:
• a L is the subspace of a M fixed pointwise by s; • τ is trivial on exp a M ;
• the restriction of τ to Z(A F ) is equal to ω; • τ is equivalent to sστ , where sστ (m) := τ (σs −1 m) for all m ∈ M(A F ).
We say that a parabolic subgroup is standard if it contains the fixed minimal parabolic subgroup P 0 . Let P ∈ P(M ) be the standard parabolic subgroup with Levi component M. We call the sum of all the terms of the form (A.3) the discrete part of the fine χ-expansion of the σ-twisted trace formula. We denote it by I d (H, f, σ), or simply I d (H, f ) when it is clear that a twist σ is involved. We call the sum of the rest of the terms the continuous part. Observe that the σ-twisted character of a discrete spectrum representation π of H(A F ) corresponds to the quadruple (H, H, π, 1). For any quadruple of the form (M, H, τ, s) and parabolic subgroup P in P(M ), we say that the (normalizedly) parabolically induced representation I P,τ occurs σ-discretely in the spectrum of H(A F ).
In this work, we only study the discrete parts of the spectral expansions of the groups. This appendix is devoted to the computation of the terms in
, where by abuse of notation β is the automorphism of RG(A F ) defined by: β(g ij ) := (βg ij ), ∀(g ij ) ∈ RG(A F ).
A.1. β-Discretely Occurring Representations of RG. If a quadruple has the form (RG, RG, τ, s), then s is necessarily trivial, and τ can be any β-invariant, discrete spectrum, automorphic representation of RG with central character ω τ = ω. The contribution to the fine χ-expansion corresponding to quadruples of the form (RG, RG, τ, 1) is therefore
where the sum is over all τ as described just now, and τ (f ′ × β) denotes τ (f ′ )ρ(β). The group RG has only one proper Levi subgroup, namely the maximal diagonal torus, which we denote by RM. Its group of A F -points is RM(A F ) = {diag(ξ, γ, αξ −1 ) : ξ, γ ∈ A × E ′ , γαγ = 1}. A quadruple of the form (RG, RM, τ, s) satisfies the conditions prescribed earlier only if s is the element (13) of the Weyl group W (RM, RG), where (13) swaps the first and third entries of a diagonal element in RM(A F ) and leaves the second entry unchanged. The RM(A F )-module τ is of the form:
where µ ′ , η ′ are characters of C E ′ , C F ′ E ′ , respectively. By the conditions on the quadruple, we must have
The constant (A.1) associated with (RM, RG, τ, (13)) is 1/4. Since α 2 = 1, the condition µ ′ · αβµ ′ implies that β 2 µ ′ = µ ′ , which in turn implies that βµ ′ = µ ′ because the order n = [E ′ : E] of β is odd. Consequently, µ ′ ⊗ η ′ is invariant under the action of W (RM, RG), and I(µ ′ , η ′ ) ≡ I(µ ′′ , η ′′ ) if and only if µ ′ = µ ′′ , η ′ = η ′′ .
